Abstract. We study the consequences of Gross's conjecture for cyclic extensions of degree l 2 where l is prime, and deduce that the L-values at s = 0 satisfy certain congruence relations.
Introduction
We first review Gross's conjecture briefly. Let K/k be an abelian extension of global fields with Galois group G. Let S be a finite nonempty set of places of k which contains all archimedean places and all places ramified in K, and let T be a finite non-empty set of places of k which is disjoint from S. We choose T so that U S,T , the group of S-units in k which are congruent to 1 (mod v) for all v ∈ T , is a free abelian group of rank n = |S| − 1.
For a complex character χ ∈ G = Hom(G, C * ), the associated modified L-function is defined as
where g v ∈ G is the Frobenius element for v. The Stickelberger element θ G ∈ C[G] is the unique element that satisfies
which is a deep theorem of DeligneRibet(cf. [2] ). Let I G be the augmentation ideal of Z[G], i.e. the kernel of the map from Z[G] to Z sending each group element to 1. Choose an ordered basis {u 1 , . . . , u n } of U S,T . Pick a place v 0 ∈ S, and for each v i ∈ S \ {v 0 }, we let f i : k * → G denote the homomorphism induced from local reciprocity map for v i . We set
Gross has conjectured (cf. [3] )
Here, the integer m is defined by
where h S is the S-class number of k and U S is the set of S-units. The ± sign is determined by the (S, T )-version of the analytic class number formula. Conjecture 1 is known to be true when G is a cyclic group (cf. [1] ). The goal of this paper is to understand the meaning of Conjecture 1 in more concrete terms. We consider the case where G is a cyclic group of order l 2 for a prime number l. Our main result is Theorem 4, which states that there exist certain congruence relation among L-values.
Structure of Z[G]
Let l be a prime and G be a cyclic group of order l 2 with generator σ. We note that
where σ is identified with x. We have
where
It is well-known that f i (x) is the l i -th cyclotomic polynomial which is irreducible over Z.
Choose a primitive l 2 -th root of unity ζ 2 in C, and set ζ 0 = 1, ζ 1 = ζ l 2 . We have a ring homomorphism
that sends x to (1, ζ 1 , ζ 2 ) . We note that ker χ = (x l 2 − 1), hence it induces an injective ring homomorphism
We also note that each component function
of χ is surjective with kernel (f i (x)), and it induces a ring homomorphism
Clearly, I G = ker χ 0 is generated by σ − 1. We set λ i = ζ i − 1 for i = 1, 2, so that χ(σ − 1) = (0, λ 1 , λ 2 ). We also set η = λ 1 /λ 2 .
We now determine χ(I n G ) where n is a positive integer. Suppose 
where the first map sends r to (r, r) and the second sends (r 1 , r 2 ) to r 1 − r 2 .
Proof. We show that if
then there exists an element r ∈ R such that r ≡ r 1 (mod I), r ≡ r 2 (mod J).
Then the element r = r 1 − i = r 2 + j satisfies the requirement.
We apply Proposition 2 to the case when R = Z[x], I = (f 1 (x)) and 
